The phase transition for a finite volume system that incorporates the Polyakov loops and maintains the colorless state is explored using the Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model. The order parameter for Polyakov loops is demonstrated to signal the appearance of a transition for SU (3) c analogous to Gross-Witten (GW-) phase transition instead of the deconfinement phase transition to quark-gluon plasma. The asymptotic restoration of Polyakov loops is conjectured to be a threshold production for meta-stable Hagedorn (or semi-QGP) states and this does not imply a direct deconfinement phase transition. In this context, the GW-like point is the point where the colorless states switches from the low-lying hadronic states to the meta-stable high-lying Hagedorn states. The chiral phase transition takes place within an extended GW-like point depending on the fireball's size. The deconfinement phase transition is determined by Hagedorn's temperature above GW-like temperature.
I. INTRODUCTION
but a finite g 2 N c ) of Wilson lattice gauge theory. For technical reasons, the spectral density method which has been developed by Brezin et. al. [16, 17] depends basically on the large N c limit and it is not permissible for technical reasons to extend the same analyses using the spectral density for finite number of colors. The GW-like point sticks in one's mind for N c → ∞ and remains obsolete for N c = 3 (i.e. the QCD). The GW-like phase transition for finite N c is not expected to have the same characteristic behavior to that one in the limit N c → ∞. In order to search for a mechanism analogous to GW-transition in QCD, it is important to extend the analysis using the (non-Gaussian-) stationary points method in the strong coupling limit in the context of the Polyakov loop parameterization as done by in Ref [1] and the references therein on one hand and the (Gaussian-) saddle points approximation in the weak coupling limit as done by Elze, Greiner and Rafelski and others [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] on the other hand. The interpolation between the asymptotic nonGaussian stationary points approximation's solution for the strong coupling limit and the asymptotic Gaussian saddle points approximation's solution for the weak coupling limit is not fully understood in QCD and the corresponding mechanism is analogous to GWtransition. Furthermore, GW-like transition sounds to take place over the interpolation range between two asymptotic solutions (i.e. over an extended interval) rather than a single deflection point. Furthermore, Elze, Greiner and Rafelski have pointed out that the nonperturbative effect of the colorless state leads to a gradual freezing of internal degrees of freedom [20, 21] . This mechanism could explain the emergence of QG liquid droplet(s) or equivalent forms such as Hagedorn states, quarkyonic droplets etc. It should be stressed that GW-like transition is not a confinement/deconfinement phase transition, but instead is the production threshold of (meta-) Hagedorn states in hadronic matter. The Hagedorn states emerge as gas of bags. Therefore, there is a possibility for a new form of matter that can be formed in a narrow range above GW-like point and below Hagedorn's temperature.
This form of matter emerges as a gas/liquid of bags and these bags expand and grow up gradually. When Hagedorn's temperature is reached, the system undergoes a deconfinement phase transition to QGP.
The outline of the present paper is as follows: In Sec. II, we review Polyakov loops
without chiral field and demonstrate the interpolation between the low-lying and high-lying energy solutions and a possible transition that is analogous to GW-transition. In Sec. III, the treatment is extended to include the σ-chiral field in the context of PNJL model and demonstrate the emergence of an extended GW-like point. The connection between GW-like point and production of Hagedorn states is discussed in Sect. IV. Finally, the conclusion is presented in Sec. V.
II. A SIMPLE CANONICAL ENSEMBLE WITH POLYAKOV LOOPS
The grand potential for the quark and the anti-quark is given by Ω(β, V ; θ 1 , θ 2 ) V = − 1 V β log e Z(β, V ; θ 1 , θ 2 ) , = −(2J + 1) 
where ǫ q ( p) = p 2 + m 2 q , (2J + 1) = 2 is the spin degeneracy, V is the quark and gluon blob's volume and µ q is the flavor chemical potential while θ i are the imaginary color chemical potentials or fundamental gauge fields of the SU(N c ) group's fundamental representation (i.e. Gauss-law's eigenvalues on the thermal excitations). When no chiral fields are involved in the calculation, m q is reduced to the current mass (for only the sake of simplicity, it can be assumed massless for light flavors). The first term in the square bracket that appears on the right hand side of Eq.(1) is temperature independent. It diverges at zero temperature and is a non-re-normalizable term. It can be regulated in the standard way by introducing UV-cutoff for the momentum integration. In the standard σ-model, that term is trivially dropped as far it can be absorbed by the nonlinear σ-potential but the this is not the case in Nambu-Jona-Lasinio model (NJL) where the first term is regularized and retained in the calculation. After a simple algebraic manipulation, Eq. ,
where Λ is UV-cutoff that regularizing the divergent term over the momentum integration.
The UV-cutoff for momentum integration is taken Λ = 631.5 MeV in the present calculations.
The Polyakov-loop triality parameters Φ and Φ are defined, respectively, as follows 
where θ 3 = −θ 1 − θ 2 for SU(3) c and the fundamental gauge fields θ i , i = 1, 2, 3 are subjected to the periodicity condition over the interval −π ≤ θ i ≤ π. Eq.(2) can be written as follows
In the case of massless flavors and µ q = 0 and in the terms of fundamental gauge fields, Eq.(4) reads
The canonical ensemble for the quark and anti-quark becomes
where Ωβ, V ; Φ, Φ is given by Eq.(4). Fortunately, thegrand potential becomes a real one when µ q = 0. The partition function for the gluons can be calculated in a similar manner. The phenomenological gluon potential parameterized in the terms of Polyakov loops has been adopted recently in the literature [1] . The general choice is given by
where Polyakov term ΦΦ can be written in the terms of fundamental gauge fields as follows
and
where a 0 , a 1 and a 2 are phenomenological parameters. The phenomenological gluon partition function is usually adopted in the term of Polyakov loop approach in order to replace the standard gluon partition function that is given by
where ǫ g ( p) = | p|. Eq.(10) is evaluated explicitly as follows
In the standard treatment the gluons are treated as the adjoint interaction particles of the SU(N c ) symmetry group. It should be noted here that the SU(N c )'s adjoint eigenvalues (i.e. adjoint gauge fields), namely, φ a are calculated from the nested commutation relations for the fundamental eigenvalues, namely, θ i of the Lie algebra. The adjoint eigenvalues are related to fundamental eigenvalues by the relation φ a ≡ (θ i − θ j ). This relation diagonalizes the adjoint representation and subsequently commutes with the Hamiltonian. In order to understand the origin of the gluon's phenomenological potential, Eq.(10) can be approximated and simplified in order to be evaluated using Polyakov loop variables in the following systematic way
where the factor 2 that appears on the right hand side comes from the spin degeneracy. The coefficients C n are functions of Polyakov loops [32] . When the Polyakov loops vanish (Φ, Φ → 0), the gluon grand potential is reduced to lim Φ,Φ→0
, while in the case of Polyakov loop restoration (Φ, Φ → 1), it is reduced
. This implies that Ω g is reduced by factor 1/N 2 c when Φ, Φ are changed from 1 to 0. It can be parameterized to
. In order to simplify the calculation drastically, the gluon grand potential is simplified to a phenomenological potential such as that one given in Eq. (7) as
where
In the calculation of the phase transition from the low-lying energy excitations to the highlying ones but below the deconfinement phase transition, it is adequate to use the potential that is given by Eq.(13).
The canonical ensemble for a finite volume quark and gluon blob in the Hilbert space is given by the Fock product of quark and antiquark partition function and the gluon partition function as follows
This implies that the grand canonical ensemble is reduced to
The colorless state for the quark and gluon blob is ensured by projecting the color singlet state in the following way
The VanderMonde potential is stemmed from the invariance Haar measure of the group integration and is defined by
where the parameter G sym depends basically on the group's symmetry. It is reduced to G sym = 2 for SU(N c ). In the lattice modeling, the number of states for the VanderMonde
where a 3 is the lattice size. Hence, the VanderMonde potential is regulated [2] as follows
A finite bag with volume at the same size order of the lattice V ∼ a 3 ∼ fm 3 and 1 a 3 V ∼ 1 is considered in the present work. The regulation γ reg = V a 3 will be considered elsewhere. However, the term 1 a 3 V in MIT bag model is related to the volume fluctuation for a bag with an extended surface. Nonetheless, the VanderMonde potential regulation is essential for a system with infinite volume [2] . Hereinafter, the number of states is considered 1 a 3 V ≡ 1 for VanderMonde potential in colorless quark and gluon bag.
In order to consider Polyakov loops parameterization, it is useful to perform the variable transformation from fundamental gauge fields, namely, (θ 1 , θ 2 , θ 3 ) with θ 3 = −θ 1 − θ 2 to Polyakov loop variables, namely, Φ, Φ . In the context of SU(3) c , the invariance Haar measure is furnished by
The invariance Haar measure can be transformed and written in the terms of Polyakov loop variables Φ and Φ. The transformation of the square root of the invariance Haar measure from the variable set {θ i } to Φ and Φ leads to
The integration over θ 1 and θ 2 is transformed to Polyakov loop variables Φ and Φ as follows
Hence, the invariance Haar measure that is given by Eq.(19) becomes
where N Haar = 
where PVdM potential in SU(3) c representation is given by
The phenomenological PVdM potential can be introduced by adding a phenomenological pre-factor parameter, namely, α ph , in front of the logarithm as follows
This phenomenological parameter, namely, α ph modifies the underlying internal symmetry of Hagedorn states and in some scenarios this could break the internal symmetry of the QG-bags but not the global symmetry of the system [14] . The phenomenological PVdM potential and the variation of the phenomenological parameter, α ph , will be considered in another work. The integral that is given by Eq. (27) is evaluated using the non-Gaussian stationary points method over the complex plane. The Polyakov's stationary points, namely, Φ = Φ 0 and Φ = Φ 0 are evaluated by extremizing the exponent term. The stationary points Φ 0 and Φ 0 are calculated as follows
The Φ's extremum is determined by the following constraint,
The same thing can be done for Φ. As far as the nuclear matter environment remains in the circumstance that Polyakov's stationary points are located in the region Φ 0 < 1 and Φ 0 < 1 (i.e. non-Gaussian stationary points) and below the threshold of GW-like phase transition, then the canonical ensemble which is given by Eq. (27) , is evaluated as follows
The pre-factor constant, namely N Haar , that appears in Eq. (27) is dropped in order to normalize the partition function. The solution that is given by Eq. (33) 
Furthermore, in the case of massless flavors and zero flavor chemical potential (i.e. µ q = 0), the canonical ensemble (II) for the high lying energy solution is simplified to
In the present model, the order parameter(s) of GW-like phase transition is (are) temperature (and/or flavor chemical potentials). At that critical point T = T c , the low-lying and high-lying energy solutions match each other. In this case, the low-lying energy solution is extrapolated to the high-lying energy solution at the threshold of GW-like point. The critical value of T c = 1/β c is determined by the continuity condition
Below GW-like point, the non-Gaussian stationary point of the asymptotic solution (I) is limited to |Φ| < 1. At the threshold of GW-like phase transition, the non-Gaussian stationary points turn to be Gaussian saddle points that oscillate in the neighborhood of the center 
III. THE EXTENSION TO POLYAKOV-NAMBU-JONA-LASINIO MODEL
The conventional NJL Lagrangian density reads
where m q is the quark's current mass and G is the NJL coupling constant. The constant G is adjusted in order to fit the nuclear phenomenology. The current mass and coupling constant for light flavors are taken m q = 5 MeV and G = 10.992, respectively. The quark and antiquark grand potential density in the presence of the effective chiral field is furnished
by
where 40) is temperature independent and is regularized as follows,
where the UV-cutoff Λ = 631.5 MeV. The scalar σ-chiral field in the context of PNJL model is considered self-consistently. In the terms of fundamental gauge fields (θ 1 , θ 2 ,
rather than Polyakov loops (Φ,Φ), Eq. (40) is reduced to
Therefore, in the case µ q = 0, Eq.(43) becomes real and is simplified to
Subsequently, the canonical ensemble for quarks and gluons in the context of the PNJL model becomes
The total grand potential for chiral quarks and gluons reads
where V is the system's volume. The chiral quark and antiquark grand potential Ω(β, V ; σ, Φ, Φ) is determined by Eq.(40) while the gluon grand potential Ω g (β, V ; Φ, Φ) is determined from Eq. (13) . The effective chiral potential is given by
The canonical ensemble for the colorless quark and gluon blob is determined by projecting the color-singlet state in the following way,
It is possible to write Eq.(48) in the terms of Polyakov loop variables Φ and Φ as follows
where the subscript C indicates the integration over the three pointed star boundary in the complex plane and
The double integrations over Polyakov loop variables, namely, Φ, Φ is evaluated using the non-Gaussian stationary points method for the low-lying energy limit. Subsequently using the non-Gaussian stationary points method, Eq.(49) is reduced to the low-lying energy solution as follows,
The pre-factor N Haar is eliminated in order to guarantee the normalization of the nonGaussian stationary point method and it does not affect the calculation. The Polyakov loops' non-Gaussian stationary points, namely, Φ 0 and Φ 0 are determined by extremizing the exponent which appears on the right hand side of Eq.(50) with respect to Φ and Φ in the following way,
Furthermore, the σ-chiral field stationary point, namely σ 0 , is determined by extremizing the exponent which appears on the right hand side of Eq.(51) with respect to the scalar field σ. Since Polyakov VanderMonde potential, namely, V P V dM β; Φ, Φ does not depend on σ, the variation of Ω qqg β, V ; σ, Φ 0 , Φ 0 with respect to σ mean field leads to
Moreover, when Eq. (54) is written in the terms of fundamental gauge fields (θ 1 , θ 2 ), it is reduced to
The first term inside the square bracket on the right hand side of Eq.(54) and/or Eq.(55) is temperature independent. Its explicit expression reads
Therefore, the partition function (i.e. the canonical ensemble) for the colorless quark and gluon bag with σ-chiral field reads
where the values of Φ 0 , Φ 0 and σ 0 are the stationary points and they are calculated by
Eqs. (52) and (53), respectively. Evidently, when the temperature approaches the critical one On the other hand, the partition function for the asymptotic high-lying energy solution (i.e. solution II) for colorless quark and gluon blob in the context of PNJL model reads
where θ 3 = −θ 1 − θ 2 . The quark and gluon grand potential which appears in the exponent in Eq.(58) is given by
where V is the bag's volume and Polyakov loop parameters Φ and Φ are written explicitly as functions of the fundamental gauge fields θ 1 , θ 2 and θ 3 . The effective scalar potential, namely U(σ), is given by Eq.(47). Since the non-Gaussian stationary points for the lowlying energy solution (I) are reduced to Gaussian saddle points for the asymptotic high-lying energy solution (II), it becomes essential to compute the quadratic expansion of the grand potential around the Gaussian saddle points in order to evaluate the integral that is given in Eq.(58) more appropriately. This can be done much easier in the framework of fundamental gauge fields rather than Polyakov loops. The Gaussian saddle points of the fundamental gauge fields accumulate at the origin and fortunately this behavior simplifies the calculation drastically. The quadratic Taylor expansion of the grand potential density for quarks and anti-quarks is reduced to
where the 0 th term reads
while the quadratic term is given by
Again, the gluonic grand potential for the low-lying energy colorless quark-gluon bags is assumed to be adjusted by the phenomenology as done in Sec.II (see for instance Eq. (13)).
This class of the phenomenological gluon potential is inspired from lattice calculations and has been recently adopted widely in the literature (for instance see [4] ). The quadratic Taylor expansion of the gluon grand potential which is given by Eq. (13) is approximated to
The 0 th term reads
while the quadratic term is reduced to
. After evaluating the Gaussian integration over the fundamental gauge fields, the partition function for the high-lying energy solution (i.e. solution II) is approximated to
Furthermore, σ-mean field (i.e. σ 0 ), above the threshold of GW-like phase transition, is determined by calculating σ-stationary point in the following way,
Under the assumption of the stationary point method, the extremization procedure is performed for the exponent term that appears in Eq.(67). The extremization of Eq.(68) leads
In order to calculate other thermodynamics quantities, the derivative of the partition function with respect to X is reduced to
where X is a thermodynamic ensemble such as β and V . For instance, from Eq.(72), the grand potential for colorless quark and gluon blob reads
Hence, if the σ-chiral field is not restored below GW-like point, then it will be a discontinuity (i.e. at least of a higher order discontinuity) from σ 0 = σ It should be noted that in infinite volume limit, the VanderMonde regularization becomes essential and, subsequently, Eq.(67) is reduced to
where γ reg = V a 3 and a 3 is the lattice space size. Nonetheless, the regularization procedure is not required for finite colorless quark and gluon bag.
The order parameter for GW-like phase transition is the temperature (and the chemical potentials). The point of the phase transition, namely, T GW is determined by the continuity of the partition function from the low-lying energy solution to the high-lying one and this condition is satisfied when both solutions match each others as follows,
The values of σ (I) and σ (II) are determined using Eqs. (53) and (70) The PNJL-partition function can be solved exactly. The partition function for the colorless quark and gluon blob reads
The invariance Haar measure is given by
Furthermore, chiral mean field, namely, σ 0 is evaluated by extremizing the partition function as follows
Thus Eq.(80) is reduced to
Hence by using Eqs. (80) and (81) the σ 0 -chiral mean field is determined by solving the following equation,
IV. GW-LIKE POINT AND HAGEDORN STATES
The asymptotic mass spectral density of states is given by the micro-canonical ensemble.
The micro-canonical ensemble can be derived from the mixed-grand canonical ensemble of a single QG-bag. It is given by the inverse Laplace transform as follows
where W is the energy of QG-bag. In the limit of large W , Eq. (83) is evaluated using the steepest descent method. The approximation of the steepest descent method fails in the limit of small W . This means that it is reasonable to replace the low-lying mass spectral density with the discrete mass spectrum of the hadron states while the high-lying mass spectral density in the large W limit is approximated to the bootstrap-like mass spectral density for Hagedorn states. Hence, it is more appropriate to replace solution (I) with the discrete mass spectrum of hadronic states. Furthermore, it will be shown below that the extrapolation of the mass spectral density of solution (I) to Hagedorn states does not lead to a deconfinement phase transition to QGP at Hagedorn's temperature. In contrary, the mass spectral density for solution (II) leads to a first order phase transition. Therefore, the existence of Hagedorn states is interpreted in the term of GW-like phase transition where the discrete hadronic mass spectrum turns to the continuous bootstrap-like mass spectrum when the hadron's mass exceeds a specific mass threshold (i.e. m H > 2 GeV). In order to simplify the calculation drastically, the chiral field is dropped in this section. The density of states for solution (I) is reduced to
4π 2 V and
1 + Φ 0 + Φ 0 e −x e −x + e −3x
In the limit of Φ 0 , Φ 0 → 0, Eq.(86) is simplified to
Under the assumption of MIT bag model and in the limit of Φ 0 , Φ 0 → 0, the extrapolation of the mass spectral density (I) is reduced to
where m = W ′ + BV and B 
It is more appropriate to represent the large W limit in the term of asymptotic solution (II).
Under the assumption of solution (II), Hagedorn's density of states is approximated to
In the context of MIT bag model, Eq.(90) is reduced to
It is interesting to note that the mass spectral density for solution (I) does not lead to a deconfinement phase transition at Hagedorn's temperature while the system with mass spectral density (II) undergoes a first order deconfinement phase transition. 
Eq.(93) demonstrates that γ reg may be related to the bag's volume fluctuation. It is reduced to γ reg = 1 for a bag with a sharp surface boundary. The cases γ reg < 1 and γ reg > 1 correspond to the expanding (dilute) and squeezing (compressed) bags, respectively. The case γ reg < 1 is related to the bag with an extended surface boundary. The exponent α is reduced to Furthermore, the exact numerical solution is considered by evaluating the exact numerical integration over the fundamental gauge fields θ 1 and θ 2 with the invariance Haar measure which is given by Eq. (27) . Hagedorn states are produced in the hadronic phase. This interpretation, definitely, implies that the Polyakov loop restoration is not the deconfinement's order parameter as has been suggested in some models [1] but the abundant production of (meta-stable) Hagedorn states below Hagedorn's temperature. This conclusion is also true for PNJL model where the σ-chiral field is considered explicitly and self-consistently in the calculation. When T approaches GW-threshold, Φ 0 (and Φ 0 ) starts its significant restoration process.
Furthermore, when T exceeds GW-ultimate point Φ 0 turns to be almost restored from below (i.e. Φ 0 ≤ 1). This behavior hints that the non-Gaussian stationary point approximation fails at temperature above GW-threshold. Subsequently, the non-Gaussian stationary point approximation is converted to Gaussian saddle point approximation.
The effective chiral field G σ vs T with various volumes is displayed in the low-lying hadronic mass spectrum rather than high-lying hadronic mass spectrum. In the case of gas of bags, the analysis can be extended using Hagedorn's density of states that is derived from the micro-canonical ensemble. This indicates that the nuclear matter undergoes smooth transition from low-lying mass spectrum to (meta-) Hagedorn states (or even semi-QGP) rather than directly to true deconfined QGP. The deconfinement phase transition takes place at Hagedorn's temperature. The production of colorless QG-fireballs enriches the nuclear phase transition diagram significantly. This mechanism opens a window to produce (meta-)stable colorless super-massive QG-droplets at the size of order of QGP.
Finally, the signature of deconfined QGP in the heavy ion collisions may be confused and/or mixed with the gas of colorless QG-bags or semi-QGP. 
